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1. Introduction 
Consider a multi-tiered supply chain network which contains manufacturers, distributors 
and consumers. A manufacturer located at the top tier of this supply chain is supposed to be 
concerned with the production of products and shipments to the distributors for profit 
maximization. In turn, a distributor located in the middle tier of the supply chain is faced 
with handling and managing the products obtained from manufacturers as well as 
conducting transactions with consumers at demand markets. The consumer, who is the 
ultimate user for the product in the supply chain, located at the bottom tier of the supply 
chain agrees to the prices charged by distributors for the product if the associated business 
deal is done. The underlying behaviour of manufacturers, distributors and consumers is 
supposed to compete in a non-cooperative manner. Each decision maker individually 
wishes to find optimal shipments given the ones of other competitors. The problem of 
deciding optimal shipments in a supply chain equilibrium network was firstly noted by 
Nagurney et al. (2002). Dong et al. (2004) developed a supply chain network model where a 
finite-dimensional variational inequality was formulated for the behaviour of various 
decision makers. Zhang (2006), in turn, proposed a supply chain model that comprises 
heterogeneous supply chains involving multiple products and competing for multiple 
markets. 
In this chapter we develop an optimal solution scheme for a multi-tiered supply chain 
network which contains manufacturers, distributors and consumers. In the multi-tiered 
supply chain network, there are two kinds of decision-making levels investigated: the 
management level and the operations level. For the management level, the decision maker 
wishes to find a set of optimal policies which aim to minimize total cost incurred by the 
whole supply chain network. For the operations level, assuming the underlying behaviour 
of the multi-tiered decision makers compete in a non-cooperative manner, each decision 
maker individually wishes to find optimal shipments given the ones of other competitors. 
Therefore a problem of deciding equilibrium productions and shipments in a multi-tiered 
supply chain network can be established. Nagurney et al. (2002) were the first ones to 
recognize the supply chain equilibrium behaviour, in this chapter, we enhance the 
modelling of supply chain equilibrium network by taking account of policy interventions at 
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management level, which takes the responses of the decision makers at operations level to 
the changes made at management level for which a minimal cost of the supply chain can be 
achieved. A new solution scheme is also developed for optimizing a multi-tiered supply 
chain network with equilibrium flows.  
Optimization for a multi-tiered supply chain network with equilibrium flows can be 
formulated as a mathematical program with equilibrium constraints (MPEC) where a two-
level decision making process is considered. A MPEC program for a general network design 
problem is widely known as non-convex and non-differentiable. In this chapter, a non-
smooth analysis is employed to optimize the policy interventions determined at the 
management level. The first order sensitivity analysis is carried out for supply chain 
equilibrium network flow which is determined at the operations level. The directional 
derivatives and associated generalized gradient of equilibrium product flows (shipments) 
with respect to the changes of policy interventions made at management level can be 
therefore obtained. Because the objective function of the multi-tiered supply chain network 
is non-smooth, a subgradient projection solution scheme (SPSS) is proposed to solve the 
multi-tiered supply chain network problem with global convergence. Numerical 
calculations are conducted using a medium-scale supply chain network. Computational 
results successfully demonstrate the potential of the SPSS approach in solving a multi-tiered 
supply chain equilibrium network problem with reasonable computational efforts. 
The organization of this chapter is as follows. In next section, a MPEC formulation is 
addressed for a multi-tiered supply chain network with equilibrium flows where a two-level 
decision making process is considered. The first-order sensitivity analysis for equilibrium 
flows at operations level is carried out by solving an affine variational inequality. A 
subgradient projection solution scheme (SPSS), in Section 3, is proposed to globally solve the 
multi-tiered supply chain network problem with equilibrium flows. In Section 4 numerical 
calculations and comparisons with earlier methods in solving the supply chain network 
problem are conducted using a medium-scale network. Good results with far less 
computational efforts by the SPSS approach are also reported. Conclusions and further work 
associated are summarized in Section 5. 
2. Problem formulation 
In this section, a MPEC program is firstly given for a three-tiered supply chain network 
containing manufacturers, distributors and consumers where a two-level decision making 
process: the management level and the operations level, is considered. A first-order 
sensitivity analysis is conducted for which the generalized gradient and directional 
derivatives of variable of interests at operations level can be obtained. At the management 
level, suppose strong regularity condition (Robinson, 1980) holds at the variable of interests 
with respect to the policy interventions which are determined at management level, a one 
level MPEC program can be established. The directional derivatives for the three-tiered 
supply chain network can be also therefore found via the corresponding sugbradients. 
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2.1 Notation 
M : a set of manufacturers located at the top tier of the multi-tiered supply chain network.  
R : a set of distributors located in the middle tier of the multi-tiered supply chain network.  
U : a set of demand markets located at the bottom tier of the multi-tiered supply chain 
network.  
β : a set of policy settings determined at management level in the multi-tiered supply chain 
network. 
ijx : the product flow/shipment between agents at distinct tiers of the multi-tiered supply 
chain network. 
)(⋅ip : the production cost function for a manufacturer i , Mi∈∀ . 
)(⋅jh : the handling cost function for a distributor j , Rj∈∀ . 
)(1 ⋅ijt : the transaction cost function on link ),( ji  between manufacturer i  and distributor 
j , Mi∈∀  and Rj∈∀ . 
)(2 ⋅jkt : the transaction cost function on link ),( kj  between distributor j  and consumers at 
demand market k ; Rj∈∀  and Uk ∈∀ . 
kd : the consumptions at the demand market k , Uk ∈∀ . 
ij1λ : the market price charged for distributor j  by manufacturer i , Mi∈∀  and Rj∈∀ . 
jk2λ : the market price charged for demand market k  by distributor j , Rj∈∀  and 
Uk ∈∀ . 
jγ : the market clear price for distributor j , Rj∈∀ . 
kμ : the price at demand market k , Uk ∈∀ . 
2.2 Equilibrium conditions for a three-tiered supply chain network 
According to Nagurney (1999), optimal production and shipments for manufacturers in a 
three-tiered supply chain network can be found by solving the following variational 
inequality formulation. Find the values 1Kxij ∈ , RjMi ∈∈∀ ,  such that 
               ( )( ) 0)()( 11 ≥−−+∑∑
∈ ∈Mi Rj
ijijijii xzxtXp λ    (1) 
for all },,{1 RjMixKz ij ∈∈=∈  where ∑
∈
=
Rj
iji xX . 
Akin to inequality (1), the optimal inbound shipments for distributor j , say ijx , from the 
manufacturer i , and the outbound shipments, say jkx , to the consumers at demand market 
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k , coincide with the solutions of the following variational inequality. Find values 1Kxij ∈  
and 2Kx jk ∈ , RjMi ∈∈∀ ,  and Uk∈  as well as the market clear price jγ  such that 
 
( )( ) ( )( )∑ ∑∑ ∑
∈ ∈∈ ∈
−−++−−+
Rj Uk
jkijjjk
Mi Rj
ijjjjij xzxtxwXh 221 )()( λγγλ  
 ( ) 0≥−⎟⎟⎠
⎞
⎜⎜⎝
⎛ −+ ∑ ∑∑
∈ ∈∈Rj
j
Uk
jk
Mi
ij xx γγ     (2) 
for all },,{1 RjMixKw ij ∈∈=∈ , },,{2 UkRjxKz jk ∈∈=∈  and ∑
∈
=
Uk
jkj xX . The 
market clear price jγ  in a three-tiered supply chain network is associated with the product 
flow conservation which holds for each distributor j , Rj∈∀  as follows. 
 ∑∑
∈∈
≥
Uk
jk
Mi
ij xx     (3) 
Assuming the underlying behavior of the consumers at demand market k , Uk ∈∀  
competing non-cooperatively with other consumers for the product provided by 
distributors, in the third tier supply chain network the governing equilibrium condition for 
the consumptions at demand market k  can be, in a similar way to (1) and (2), coincide with 
the solutions of the following variational inequality in the following manner. Determine the 
consumptions kd  such that 
 ( )( ) 02 ≥−−∑ ∑
∈ ∈Rj Uk
jkkjk xzμλ    (4) 
for all },,{2 UkRjxKz jk ∈∈=∈  and ∑
∈
=
Rj
jkk xd .  
2.3 A three-tiered supply chain network equilibrium model 
Consider the optimality conditions given in (1-2) and (4) respectively for manufacturers, 
distributors and consumers, a three-tiered supply chain network equilibrium model can be 
established in the following way. 
Definition 1. A three-tiered supply chain network equilibrium: The equilibrium state of the 
supply chain network is one where the product flows between the distinct tiers of the agents 
coincide and the product flows and prices satisfy the sum of the optimality conditions (1), 
(2) and (4). □ 
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Theorem 2. A variational inequality for the three-tiered supply chain network model: The 
equilibrium conditions governing the supply chain network model with competitions are 
equivalent to the solution of the following variational inequality. Find ),(),( 21 KKxx jkij ∈  
such that 
 
( )( ) ( )( )∑∑∑∑
∈ ∈∈ ∈
−−++−−++
Rj Uk
jkkjjk
Mi Rj
ijjijjjii xvxtxuxtXhXp μγγ )()()()( 21  
 ( ) 0≥−⎟⎟⎠
⎞
⎜⎜⎝
⎛ −+∑ ∑∑
∈ ∈∈Rj
j
Uk
jk
Mi
ij xx γγ   (5) 
for all ),(),( 21 KKvu ∈ , and jγ  is the market clear price for distributor j , Rj∈∀ . 
Proof. Following the Definition 1, the equilibrium conditions for a three-tiered supply chain 
network in determining optimal productions for manufacturers, optimal inbound and 
outbound shipments for distributors and optimal consumptions for consumers can be 
expressed as the following aggregated form of summing up the (1), (2) and (4). Find 
),(),( 21 KKxx jkij ∈  such that 
( )( ) ( )( )∑ ∑∑ ∑
∈ ∈∈ ∈
−−++−−++
Rj Uk
jkkjjk
Mi Rj
ijjijjjii xvxtxuxtXhXp μγγ )()()()( 21  
( ) 0≥−⎟⎟⎠
⎞
⎜⎜⎝
⎛ −+ ∑ ∑∑
∈ ∈∈Rj
j
Uk
jk
Mi
ij xx γγ  
for all ),(),( 21 KKvu ∈ , and jγ  is the market clear price for distributor j , Rj∈∀ .□ 
2.4 A generalized variational inequality 
In the supply chain network equilibrium model (5), suppose )(),(),( 1 ⋅⋅⋅ ijji thp  and )(2 ⋅jkt , 
RjMi ∈∈∀ ,  and Uk∈  are continuous and convex.  Let 
 ⎪⎭
⎪⎬⎫⎪⎩
⎪⎨⎧ ∈∀≥∪∪= ∑∑
∈∈
RjxxxxKKK
Uk
jk
Mi
ijjkij ,:),(21     (6) 
And 
 UkRjMijkijji tthpF ∈∈∈=⋅ ,,21 ),,,()(     (7) 
a standard variational inequality for (5) can be expressed as follows. Determine KX ∈  
such that  
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 0))(( ≥− XZXF t    (8) 
KZ ∈∀  where the superscript t  denotes matrix transpose operation. 
 
 
2.5 A link-based variational inequality 
Regarding the inequality (8), a link-based variational inequality formulation for a three-
tiered supply chain network equilibrium model can be expressed in the following way. Let 
s  and d  respectively denote total productions and demands for the supply chain. Let q  
denote the equilibrium link flow in the supply chain network, x  denote the path flow 
between distinct tiers, Λ  and  Γ  respectively denote the link-path and origin/destination-
path incidence matrices. The set K  in (6) can be re-expressed in the corresponding manner. 
 }0,,,:{ ≥==ΓΛ== xdsdxxqqK    (9) 
Let f  denote the corresponding cost for link flow q . A link-based variational inequality 
formulation for (8) can be expressed as follows. Determine values Kq∈  such that 
 0))(( ≥− qzqf t    (10) 
for all Kz∈ . 
2.6 A MPEC programme 
Optimal policy settings for a three-tiered supply chain equilibrium network (5) can be 
formulated as the following MEPC program.         
 ),(0
,
qMin
q
β
β
Θ     (11) 
subject to    Ω∈β , )(βSq∈  
where Ω  denotes the domain set of the decision variables of the policy settings which are 
determined at management level, and )(⋅S  denotes the solution set of equilibrium flows 
which is determined at operations level in a three-tiered supply chain network, which can 
be solved as follows.  
 0))(,( ≥− qzqf t β     (12) 
for all Kz∈ . 
2.7 Sensitivity analysis by directional derivatives at operations level 
Following the technique employed (Qiu & Magnanti, 1989), the sensitivity analysis of (12) at 
operations level in a three-tiered supply chain network can be established in the following 
way. Let the changes in link or path flows with respect to the changes in the policy settings 
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made at management level be denoted by q′  or x′ , the corresponding change in path flow 
cost be denoted by F ′ , and let the demand market price be denoted by μ . Introduce 
 { }0,0,: KxandxxqthatsuchxqK ∈′=′Γ′Λ=′′∃′=′    (13) 
where  
 
⎪⎪⎭
⎪⎪⎬
⎫
⎪⎪⎩
⎪⎪⎨
⎧
≤′==
>′==
>
>
>′
=′
=′
′
′=
00,
00,
0
,0).(
,0).(
,0).(
,).(
:0
FwithxandFif
FwithxandFif
Fif
xif
xiv
xiii
xii
freexi
xK
μ
μ
μ    (14) 
Therefore the directional derivatives of (12) can be obtained by solving the following affine 
variational inequality. Find Kq ′∈′ , 
 ( ) 0)(),(),( ≥′−′∇+′∇ qzqqfqf tq ββββ     (15) 
for all Kz ′∈  where fβ∇  and fq∇  are gradients evaluated at ( )q,β  when the changes in 
the policy settings made at management level are specified. According to Rademacher’s 
theorem (Clarke, 1980) in (11) the solution set )(⋅S  is differentiable almost everywhere. 
Thus, the generalized gradient for )(⋅S  can be denoted as follows.  
 { }existsqqqconvS kkk
k
)(,:)(lim)()( ββββββ ∇→∇=′=∂ ∗∞→
∗∗
   (16) 
where conv denotes the convex hull. 
2.8 A one level mathematical program  
At the management level, suppose strong regularity condition (Robinson, 1980) holds at the 
variable of interests with respect to the policy interventions, due to inequality (15) a one 
level MPEC program can be established in the following way. Suppose the solution set )(⋅S  
is locally Lipschitz, a one level optimization problem of (11) is to  
 )(β
β
ΘMin       (17)   
subject to     Ω∈β  
In problem (17), as it seen obviously from literature (Dempe, 2002; Luo et al., 1996), )(⋅Θ  
function is a non-smooth and non-convex function with respect to the policy settings 
determined at management level in a three-tiered supply chain network because the 
solution set of equilibrium flow )(⋅S  at operations level may not be explicitly expressed as a 
closed form. 
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3. A non-smooth optimization model 
Due to non-differentiability of the solution set )(⋅S  in (17), in this section, we propose an 
optimal solution scheme using a non-smooth approach for the three-tiered supply chain 
network problem (17). In the following we suppose that the objective function )(⋅Θ  is semi-
smooth and locally Lipschitz. Therefore the directional derivatives of )(⋅Θ  can be 
characterized by the generalized gradient, which are also specified as follows.  
Definition 3 <Semi-smoothness, adapted from Mifflin (1977)> We say that )(⋅Θ is 
semismooth on set Ω  if )(⋅Θ  is locally Lipschitz and the limit 
 { }hv
thhhtv
lim
0,),( ↓→+Θ∂∈ β
     (18) 
exists for all h . □ 
Theorem 4 <Directional derivatives for semismooth functions, adapted from Qi & Sun 
(1993)> Suppose that )(⋅Θ  is a locally Lipschitzian function and the directional derivative 
);( hβΘ′  exists for any direction h  at β . Then 
(1). );( h⋅Θ′  is Lipscitizian; 
(2). For any h , there exists a )(βΘ∂∈v  such that  
 vhh =Θ′ );(β     (19) 
□ 
The generalized gradient of )(⋅Θ  can be expressed as follows. 
 { }existsconv kkk
k
)(,:)(lim)( βββββ Θ∇→Θ∇=Θ∂ ∗∞→
∗    (20) 
According to Clarke (1980), the generalized gradient is a convex hull of all points of the form 
)(lim kβΘ∇  where the subsequence { }kβ  converges to the limit value ∗β . And the 
gradients in (20) evaluated at ( )kk q,β  can be expressed as follows. 
 )(),(),()( 00
kkk
q
kkk qqq ββββ β ′Θ∇+Θ∇=Θ∇   (21) 
where the directional derivatives )( kq β′  can be obtained from (15). 
3.1 A subgradient projection solution scheme (SPSS) 
 Consider the non-smooth problem (17), a general solution by an iterative subgradient 
method can be expressed in the following manner. Let Ω∈Ω )(Pr β  denote the projection of 
β  on set Ω  such that 
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 yxxx
y
−=− Ω∈Ω inf)(Pr     (22) 
thus we have 
  
)(),(Pr1 kkk vtv βββ Θ∂∈−= Ω+   (23) 
and  
 0,20),(,
)()(
2
>−≤≤<Θ∂∈Θ−Θ=
∗
bbav
v
t k
k
λβββλ   (24) 
where the local minimum point ∗β  is supposed to be known and 
k
1=λ . Since the 
subgradient method is a non-descent method with slow convergence as commented and 
modified from literature, in this chapter, we are not going to investigate the details of these 
progress. On the other hand, a new globally convergent solution scheme for problem (17) is 
proposed via introducing a matrix in projecting the subgradient of the objective function 
onto a null space of active constraints in order to efficiently search for feasible points. In this 
proposed solution scheme, consecutive projections of the subgradient of the objective 
function help us dilate the direction provided by the negative of the subgradient which 
greatly improves the local solutions obtained. In the following, Rosen’s gradient projection 
matrix is introduced first. 
Definition 5. <Projection matrix> A nn*  matrix G  is called a projection matrix if tGG =  
and GGG = . □ 
Thus the proposed Subgradient Projection Solution Scheme (SPSS) for the non-smooth 
problem (17) can be presented in the following way. 
Theorem 6. <Subgradient Projection Solution Scheme> In problem (17), suppose )(⋅Θ  is 
lower semi-continuous on the domain set Ω . Given a 1β  such that αβ =Θ )( 1 , the level 
set { }αβββα ≤ΘΩ∈=Ω )(,:)(S  is bounded and Θ  is locally Lipschitzian and semi-smooth 
on the convex hull of αS . A sequence of iterates { }kβ  can be generated in accordance with 
 )(),(Pr1 kkkk
kk vvtG βββ Θ∂∈−= Ω+  (25) 
where t  is the step length which minimize kΘ  and the projection matrix kG  is of the 
following form. 
   k
t
kk
t
kk MMMMIG
1)( −−=    (26) 
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In (26) kM  is the gradient of active constraints in (17) at 
kβ , where the active constraint 
gradients are linearly independent and thus kM  has full rank. The search direction 
kh  can 
be determined in the following form. 
 
   kk
k vGh =   (27) 
Then the sequence of points { }kβ  generated by the SPSS approach is bounded whenever 
0)( ≠Θ∇ kkG β . 
Proof. For any x  and y  in the set Ω , by definition of the projection, we have 
   yxyx −≤− ΩΩ )(Pr)(Pr     (28) 
thus for 1+kβ  we have 
 
22
1 )(Pr ∗Ω∗+ −−=− ββββ kkk th      (29) 
2∗−−≤ ββ kk th  
ktkkk htht )(2
2
2
2 ∗∗ −−+−= ββββ
 
let  
 
2
2)(2 kktk hthtC −−= ∗ββ   (30) 
then (29) can be rewritten as 
                       Ckk −−≤− ∗∗+ 221 ββββ  
Since Θ  is locally Lipschitzian and semi-smooth on the convex hull of αS , by convexity we 
have 
)()()()( ∗∗ Θ−Θ≥Θ∇− βββββ kktk  
for any 1ε  and 2ε ]2,0[∈  there exists λ  such that 21 20 ελε −≤≤≤ , let 
 
2
)(
)()(
k
k
k
G
t
β
ββλ
Θ∇
Θ−Θ=
∗
   (31) 
In (30), it can be rewritten as 
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2
2
2
2
2
)(
)(
)()(
)()(
)(
)()(
2 kk
k
k
k
k
k
tk
k
k
k
G
G
G
G
C β
β
ββλβββ
β
ββλ Θ∇⎟⎟
⎟
⎠
⎞
⎜⎜
⎜
⎝
⎛
Θ∇
Θ−Θ−Θ∇−
Θ∇
Θ−Θ=
∗
∗
∗
 
( ) ( )
2
2
2
2
2
)(
)()(
)(
)()(
2
k
k
k
k
β
ββλ
β
ββλ
Θ∇
Θ−Θ−
Θ∇
Θ−Θ≥
∗∗
 (due to convexity) 
0)2(
)(
)()( 2
2
≥−⎟⎟⎠
⎞
⎜⎜⎝
⎛
Θ∇
Θ−Θ=
∗
λλβ
ββ
k
k
 
thus we have 
22
1 ∗∗+ −≤− ββββ kk for ...3,2,1=k  It implies ∗− ββ k  is 
monotonically decreasing and ∗∗ −≤− ββββ 1k . □ 
Theorem 7. Following Theorem 6, when 0)( =Θ∇ kkG β , if all the Lagrange multipliers 
corresponding to the active constraint gradients in (17) are positive or zeros, it implies the 
current point is a Karush-Kuhn-Tucker (KKT) point. Otherwise choose one negative 
Lagrange multiplier, say jη , and construct a new kMˆ  of the active constraint gradients by 
deleting the jth row of kMˆ , which corresponds to the negative component jη , and make 
the projection matrix of the following form 
 k
t
kk
t
kk MMMMIG
ˆ)ˆˆ(ˆˆ 1−−=     (32) 
The search direction then can be determined by (27) and the results of Theorem 6 hold.□ 
Theorem 8 <Convergence of SPSS> In problem (17) assuming that )(⋅Θ  is lower semi-
continuous on the domain set Ω , given a 1β  such that αβ =Θ )( 1 , the level set 
{ }αβββα ≤ΘΩ∈=Ω )(,:)(S  is bounded and Θ  is locally Lipschitzian and semi-smooth on 
the convex hull of αS . Let { }kβ  be the sequence of points generated by the SPSS approach 
as described above. Then every accumulation point ∗β  satisfies  
 )(0 ∗Θ∂∈ β     (33) 
Proof. We proof this theorem by contradiction. Supposing )(0 ∗Θ∂∉ β , by definition there 
is no subgradient 0)( =Θ∇ kβ  in the convex hull of αS , whose accumulation point is ∗β . 
Then there is a 0>∗t  minimizing )( ∗∗ −Θ thβ  and a 0>δ  such that 
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δββ +−Θ=Θ ∗∗∗∗ )()( ht  and ∗∗∗ − htβ  is an interior point of αS . By the mean value 
theorem, for any kβ  we have 
 ( ))()()()( ∗∗∗∗∗∗∗ −−−Θ∇+−Θ=−Θ hhththt kktkkk ββξββ   (34) 
where ( ))( kkk hhtht −−−+−= ∗∗∗∗∗∗ ββεβξ  for some 10 << ε . Following the Bozano-
Weierstrass theorem that there is a subsequence { }knβ  of { }kβ  that converges to ∗β , then 
{ })( knξΘ∇  converges to )( ∗∗∗ −Θ∇ htβ  and { })( ∗∗∗ −−− hht knkn ββ  converges to zero. 
For sufficiently large kn , the vector knξ  belongs to the convex hull of αS  and 
 
2
)(
2
)()(
δβδββ −Θ=+−Θ≤−Θ ∗∗∗∗∗ htht knkn      (35) 
Let ∗knt  be the minimizing point of )( knknkn ht−Θ β . Since { })( knβΘ  is monotone decreasing 
and converges to )( ∗Θ β , we have 
 
2
)()()()(
δββββ −Θ≤−Θ≤−Θ<Θ ∗∗∗∗ knknknknkn htht     (36) 
a contradiction. Therefore every accumulation point ∗β  satisfies )(0 ∗Θ∂∈ β . □ 
Corollary 9 <Stopping condition> If kβ  is a KKT point for problem (17) satisfying 
Theorem 8 then the search process may stop; otherwise a new search direction at kβ  can be 
generated according to Theorem 6. □ 
3.2 Implementation Steps 
In this subsection, ways in solving the non-smooth problem (17) for a three-tiered supply 
chain network involving the management level and the operations level are conducted by 
steps in the following manner. 
Step 1. At the management level, start with the initial policy setting kβ , and set index 
1=k . 
Step 2. At the operations level, solve a three-tiered supply chain equilibrium problem by 
means of (5) when the decision variables of policy kβ  are specified at management level. 
Find the subgradients for equilibrium products and shipments by means of (15), and obtain 
the generalized gradient for the objective function of the supply chain network via (21).  
Step 3. Use the SPSS approach to determine a search direction.  
Step 4. If 0)( ≠Θ∇ kkG β , find a new 1+kβ  by means of (25) and let 1+← kk . Go to Step 2. 
If 0)( =Θ∇ kkG β  and all the Lagrange multipliers corresponding to the active constraint 
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gradients are positive or zeros, kβ  is a KKT point and stop. Otherwise, follow the results of 
Theorem 6 and find a new projection matrix and go to Step 3. 
4. Numerical calculations 
In this section, we used a 9-node network from literature (Bergendorff et al., 1997) as an 
illustration for a three-tiered supply chain network problem with equilibrium flows. In Fig. 
1, a three-tiered supply chain is considered in which there are two pairs of manufacturers 
and consumers, and 4 product-mix pairs: [1,3], [1,4], [2,3] and [2,4], can be accordingly 
specified. In Fig. 1, manufacturers are denoted by nodes 1 and 2, distributors are denoted by 
nodes 7 and 8, and the consumers are denoted by nodes 3 and 4. The corresponding demand 
functions can be determined in the following manner: 3,13,1 5.010 μ−=d , 
4,14,1 5.020 μ−=d , 3,23,2 5.030 μ−=d  and 4,24,2 5.040 μ−=d . In this numerical illustration 
a new set of link tolls at the management level is to be determined optimally such that traffic 
congestion on the connected links between various distinct tiers can be consistently reduced. 
In Fig. 1 let aA  and ak  be given parameters and specified as a pair ),( aa kA  near each link. 
The transaction costs on links are assumed in the following way. 
 ))(15.01()( 4
a
a
aaa
k
q
Aqt +=  (37) 
Computational results are summarized in Table 1 for a comparative analysis at two distinct 
initial tolls. Three earlier well-known methods in solving the network design problem are 
also considered: the sensitivity analysis method (SAB) proposed by Yang & Yagar (1995), 
the Genetic Algorithm (GA) proposed by Ceylan & Bell (2004), and recently proposed 
Generalized Projected Subgradient (GPS) method by Chiou (2007). As it seen in Table 1, the 
SPSS approach improved the minimal toll revenue at two distinct initial tolls nearly by 18% 
and 16% while the SAB method only did by 8% and 6%. The SPSS approach successfully 
outperformed the GA method and newly proposed GPS method by 4% and 2% on average 
in reduction of minimal toll revenue. For two sets of initial tolls the relative difference of the 
minimal toll revenue did the SPSS is within 0.07 % while that did the SAB method is within 
nearly 0.3%. Regarding the efficiency of the SPSS approach in solving the three-tiered 
supply chain network with equilibrium flows when the toll settings are considered at 
management level, the SPSS approach required the least CPU time in all cases. Furthermore, 
as it obviously seen in Table 1, various sets of resulting tolls can be found due to the non-
convexity of the MPEC problem. Computational efforts on all methods mentioned in this 
chapter were conducted on SUN SPARC SUNW, 900 MHZ processor with 4Gb RAM under 
operating system Unix SunOS 5.8 using C++ compiler gnu g++ 2.8.1. 
www.intechopen.com
 Supply Chain: Theory and Applications 
 
244 
1
2 8
375
6 4
9
         (5,12)            (2,11)             (3,25)
          (9,35)         (6,33)                  (6,43)
        (6,18)
           (3,35)
(9,20)       (4,11)
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Figure 1. 9-node supply chain network 
5. Conclusions and discussions 
This chapter addresses a new solution scheme for a three-tiered supply chain equilibrium 
network problem involving two-level kinds of decision makers. A MPEC program for the 
three-tiered supply chain network problem was established. In this chapter, from a non-
smooth approach, firstly, we proposed a globally convergent SPSS approach to optimally 
solve the MPEC program. The first order sensitivity analysis for the three-tiered supply 
chain equilibrium network was conducted. Numerical computations using a 9-node supply 
chain network from literature were performed. Computational comparative analysis was 
also carried out at two sets of distinct initial data in comparison with earlier and recent 
proposed methods in solving the multi-tiered supply chain network problem. As it shown, 
the proposed SPSS approach consistently made significant improvements over other 
alternatives with far less computational efforts. Regarding near future work associated, a 
multi-tiered supply chain network optimization problem with multi-level decision makers is 
being investigated as well as implementations on large-scale supply chain networks. 
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1st set initials 2nd set initials 
 
SAB GA GPS SPSS SAB GA GPS SPSS 
Initial 
toll (in 
$) 
2.0 2.0 2.0 2.0 5.5 5.5 5.5 5.5 
Initial 
revenue 
(in $) 
1223 1223 1223 1223 1198 1198 1198 1198 
)5,1(β    0.5 2.9 0 0 2.5 3.2 0 0 
)6,1(β  0.3 1.2 0.5 1.2 3.2 3.0 0.4 2.1 
)5,2(β  1.2 0 1.6 1.2 1.2 1.2 1.8 1.5 
)6,2(β  0.4 0 1.4 0.4 0 0 1.5 0.9 
)6,5(β  0 2.5 0 2.1 0 0 0.4 1.8 
)7,5(β  8.6 7.6 5.6 7.8 6.3 1.6 5.2 7.5 
)9,5(β  0.7 1.4 3.7 0.7 2.7 0.3 3.5 0.5 
)5,6(β  0 2.8 0 0 0 0 0.2 0 
)8,6(β  1.3 0 3.2 1.3 0 0 3.1 1.1 
)9,6(β  0 0 0 0 1.5 2.2 0.9 0.5 
)3,7(β  0.6 1.7 0.6 0.6 1.2 1.2 0 0 
)4,7(β  0.4 1.8 0.2 0.4 0.4 3.4 0 0 
)8,7(β  0 0 1.2 0 1.2 1.1 1.1 0.8 
)3,8(β  0 0 1.1 0 1.1 0 1.1 0.7 
)4,8(β  0.6 1.2 0.6 1.8 0.6 0.6 0 1.8 
)7,8(β  0 0 2.2 0.6 0.8 0 2.2 0.6 
)7,9(β  0.9 1.5 0 1.9 0.9 2.7 1.2 2.4 
)8,9(β  0 0 3.2 0 1.3 1.8 3.5 0.8 
Revenu
e (in $) 
1120.5 1048.9 1026.7 1005.5 1123.5 1050.7 1027.1 1004.8 
cpu 
time (in 
sec) 
132 258 84 7 154 263 85 6 
Table 1. Computational results for 9-node supply chain network 
 
www.intechopen.com
 Supply Chain: Theory and Applications 
 
246 
7. References 
Bergendorff, P.; Hearn, D. W. & Ramana, M.V. (1997). Congestion toll pricing of traffic 
networks, In: Network Optimization, Pardalos, Hearn, P.M. & Hager, W.W. (Eds.), 
PP. 51-71, Springer-Verlag, ISBN 3-540-62541-0, Berlin. 
Ceylan, H. & Bell, M.G.H. (2004). Reserve capacity for a road network under optimized 
fixed time traffic signal control. Journal of Intelligent Transportation System, 8, 87–99, 
ISSN 1547-2450. 
Chiou, S-W. (2007). A non-smooth optimization model for a two-tiered supply chain 
network. Information Sciences, 177, 5754-5762, ISSN 0020-0255. 
Clarke, F. F. (1983). Optimization and Nonsmooth Analysis. John Wiley & Sons, ISBN 0-471-
87504-X, New York. 
Dempe, S. (2002). Foundations of bilevel programming. Kluwer Academic Publishers, ISBN 1-
4020-0631-4, Dordrecht. 
Dong, J.; Zhang, D. & Nagurney, A. (2004).  A supply chain network equilibrium model 
with random demands. European Journal of Operational Research, 156, 194–212, ISSN 
0377-1277. 
Luo, Z.-Q.; Pang, J-S. & Ralph, D. (1996). Mathematical Program with Equilibrium Constraints. 
Cambridge University Press, ISBN 0-521-57290-8, New York. 
Mifflin, R. (1977). Semismooth and semiconvex functions in constrained optimisation. SIAM 
on Control and Optimization, 15, 959-972, ISSN 0363-0129. 
Nagurney, A. (1999). Network Economics: A Variational Inequality Approach. Kluwer Academic 
Publishers, ISBN 0-7923-8350-8, Boston. 
Nagurney, A.; Dong, J & Zhang, D. (2002). A supply chain network equilibrium model. 
Transportation Research Part E, 38, 281-303, ISSN 1366-5545 
Outrata, J.V.; Kocvara, M & Zowe, J. (1998). Nonsmooth Approach to Optimization Problems 
with Equilibrium Constraints. Kluwer Academic Publishers, ISBN 0-7923-5170-3, 
Dordrecht. 
Qi, L. & Sun, J. (1993). A nonsmooth version of Newton’s method. Mathematical 
Programming, 58, 353-368, ISSN 0025-5610. 
Qiu, Y. & Magnanti, T. L. (1989). Sensitivity analysis for variational inequalities defined on 
polyhedral sets. Mathematics of Operations Research, 14, 410-432, ISSN 0364-765X. 
Robinson, S. M. (1980). Strong regular generalized equations. Mathematics of Operations 
Research, 5, 43-62, ISSN 0364-765X. 
Yang, H. & Yagar, S. (1995). Traffic assignment and signal control in saturated road 
networks, Transportation Research Part A, 29 (2) 125–139, ISSN 0965-8564. 
Zhang, D. (2006). A network economic model for supply chain versus supply chain 
competition. Omega, 34, 283 – 295, ISSN 0305-0483. 
www.intechopen.com
Supply Chain
Edited by Vedran Kordic
ISBN 978-3-902613-22-6
Hard cover, 568 pages
Publisher I-Tech Education and Publishing
Published online 01, February, 2008
Published in print edition February, 2008
InTech Europe
University Campus STeP Ri 
Slavka Krautzeka 83/A 
51000 Rijeka, Croatia 
Phone: +385 (51) 770 447 
Fax: +385 (51) 686 166
www.intechopen.com
InTech China
Unit 405, Office Block, Hotel Equatorial Shanghai 
No.65, Yan An Road (West), Shanghai, 200040, China 
Phone: +86-21-62489820 
Fax: +86-21-62489821
Traditionally supply chain management has meant factories, assembly lines, warehouses, transportation
vehicles, and time sheets. Modern supply chain management is a highly complex, multidimensional problem
set with virtually endless number of variables for optimization. An Internet enabled supply chain may have just-
in-time delivery, precise inventory visibility, and up-to-the-minute distribution-tracking capabilities. Technology
advances have enabled supply chains to become strategic weapons that can help avoid disasters, lower costs,
and make money. From internal enterprise processes to external business transactions with suppliers,
transporters, channels and end-users marks the wide range of challenges researchers have to handle. The
aim of this book is at revealing and illustrating this diversity in terms of scientific and theoretical fundamentals,
prevailing concepts as well as current practical applications.
How to reference
In order to correctly reference this scholarly work, feel free to copy and paste the following:
Suh-Wen Chiou (2008). Optimization of Multi-Tiered Supply Chain Networks with Equilibrium Flows, Supply
Chain, Vedran Kordic (Ed.), ISBN: 978-3-902613-22-6, InTech, Available from:
http://www.intechopen.com/books/supply_chain/optimization_of_multi-
tiered_supply_chain_networks_with_equilibrium_flows
© 2008 The Author(s). Licensee IntechOpen. This chapter is distributed
under the terms of the Creative Commons Attribution-NonCommercial-
ShareAlike-3.0 License, which permits use, distribution and reproduction for
non-commercial purposes, provided the original is properly cited and
derivative works building on this content are distributed under the same
license.
